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1. Introduction 

There are many connections between pluripotcntial theory in C" (both the clas- 
sical theory and weighted analog) and the study of complex polynomials. For 
example, the following theorem, due to Siciak ([51]; see also [Kl], Theorem 5.1.6), 
provides a polynomial approximation of the Lelong class £ of plurisubharmonic 
(psh) functions in C" of logarithmic growth. It also shows a relation between £ 
and the class "H" of nonnegative psh functions in C" which are absolutely homo- 
geneous of order one. 

Theorem 1. Let h : C" [0, oo), u : C" i-^ [— oo, oo) be functions such that 
and u ^ —oo. 

(i) If h e C{C'^)r\ni and h-\0) ^ {0}, then h{z) ^ snp{\Q{z)\^/^'^'''9 Q)}, z e 
C", where the sup is taken over all complex homogeneous polynomials Q such that 
\Q\i/idegQ) < j„ c". 

(ii) A sufficient and necessary condition for h to belong to is that 

h = (limsupj^QQ IQil^^"')* foi" some sequence of complex homogeneous polynomials 
such that deg Qj < j. In particular, if h € "H" , then \ogh e £. 
(Hi) The function u belongs to £ if and only if e" — (lim supj_j.g^ l^jT^"')* for some 
sequence of complex polynomials on C" such that deg Pj < j. 

Looking for possible generalizations of this theorem, one should take into account 
the following (cf. |BS| . Proposition 5 and Theorem 1, and the references given 
there): considering C" as the complement of the hyperplane at infinity in CP", 
the class £(C") corresponds in the 1-to-l manner with the class PS* if (CP", ojfs) 
of functions quasi-plurisubharmonic with respect to the Fubini-Study form ujps- 
There is a also a one to one correspondence the class of positive singular metrics on 
the hyperplane bundle L over CP". By Grauert's characterization of positive line 
bundles, all of these correspond with the class of plurisubharmonic functions in the 
total space of the universal bundle L' over CP" (dual to the hyperplane bundle) 
which are nonnegative, not identically zero and absolutely homogeneous of order 
one in each fiber. Furthermore, homogeneous polynomials of degree d > 1 in L' can 
be thought of as sections of the d-th tensor power dL (we use the additive notation 
for the tensor product operation) . The notion of homogeneous polynomials on the 
total space of L' and the correspondence between them and holomorphic sections 
of L is also valid for certain line bundles over toric manifolds (see below for precise 



Key words and phrases, plurisubharmonic functions; Lelong class; toric varieties. 
Preliminary version. 

1 



2 



MARITZA M. BRANKER AND MALGORZATA STAWISKA 



statements) . We will work in this setting to prove an analog of Theorem [T] for a 
toric variety X with a line bmidle Ox{D) coming from a Cartier divisor D with a 
strictly convex support function (see below for relevant definitions and properties). 
As an application of this theorem we will prove an approximation theorem for Chern 
classes of such line bundles. 

2. Line bundles over toric varieties 

Let's begin by recalling some facts about toric varieties and line bundles. A toric 
variety Xy. can be constructed from a fan S in R",that is a certain collection of 
cones generated by vectors from Z". Let wi, wjv denote the primitive generators 
of one-dimensional cones in E. A character on (i-e., an integer- valued func- 
tion (f : 7L^ > Z+) is determined by its values ai = </3(ej;), where e^, i = 1, 
are the vectors of the standard basis, and it defines a function (p : M" — >■ R by 
putting ip{vi) = —tti and extending it as a linear function on each cone cr € E. 
We will follow the convention from |CLSj : according to their definition 6.1.17, a 
function cp : S t-^ M. defined on a convex set S C M" is convex if and only if 
ip{tu + (1 - t)tv) > tip{u) -I- (1 - t)Lp{v) for all u,v & S and t G [0, 1]. The support 
function LpD of a Cartier divisor on As ( with the Cartier data {rria : cr G E(ri,)}) 
is called strictly convex if it is convex and for every cone cr G E(n) it satisfies 
< m^j^u >= ipoiu) ^ u€ a. 

The function Lp ~ ipD determines a torus invariant divisor D on As, D = XliLi '^i^i: 
where Di are hypersurfaces corresponding to the one-dimensional cones in E. By 
Propositions 4.3.3 and 4.3.8 in [CLSj (see also Proposition 2 in |Roj ) . the line bundle 
associated with D has global sections r(Xs, O^j, (£>)) = 0„gp ' X™: where 

Pd C K" is the polyhedron defined by Pd = {m G M" :< in,Vi > > — a^, i = 
1, A^}. By Lemma 6.1.9 in [CLS] . Pjy = {m e M" : ip{x) < < m, u > Vw G |E|}. 
By Theorem 6.1.10 in |CLSj . (pn is convex if and only if D is basepoint-free (i.e., 
Oxs{D) is generated by global sections). This in turn is equivalent to the property 
that (Pd{u) = min,„gp^ < m,u> \/u G R". Finally by Theorem 6.1.15 in [CLS], 
D is ample if and only ii (po is strictly convex. 

From now on we assume that A is a compact toric variety with a line bun- 
dle L ~ Ox{D) coming from a Cartier divisor D with a strictly convex support 
function (hence L is ample). Recall Grauert's ampleness criterion for line bundles 
( jMMj . Theorem B.3.13 and the references there) which says that a holomorphic 
line bundle L over a compact complex manifold A is ample if and only if the zero 
section Z(L') of the dual bundle L' has a strongly pseudoconvex neighborhood. It 
follows that Z{L') can be blown down to a finite set of points. 

Consider the following cone in R"+i: = {{x, a) G R" x R : a > p{x)}. This 
is equal to Cone{(0, 1), (wi, — a^) : i = 1, A^}. By jRoj . Proposition 1 (cf. also Ex- 
ercise 6.1.13 in |CLSj ). the function ip is strictly convex if and only if C^p is a convex 
cone in R"+^ with all its proper faces simplicial and with (vi, —ai) : i — 1, N as 
the fundamental generators. 

For cr G E let (7 be {{u,a) : u G a,a > ipiu)} = Cone {(0, 1), (u^, — a^) : Vi G 
cr(l)}, j = 1, ...jN. By proposition 7.3.1 in jCLS| . the affine variety Ua is isomor- 
phic to Ua X C, which is a trivializing neighborhood for the line bundle Cxs(-D). 
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The projection induces a map Ua- > C, which is This suggests another 

way of looking at the sections of Oxs{D). Specificahy, the following characteriza- 
tion appears in |Ro| (discussion between Lemma 5 and Proposition 3): 
Let be the affine toric variety (with the action of the torus T"+^) associated 
with the cone Cip: A^p ~ Spec C[Z"+^ n C*]. This is the affine variety obtained by 
blowing down the zero section of the line bundle Ox^ {—D). The affine coordinates 
on are given by the characters x™ such that m e Pd H Z". One has thus the 
identification T{X^,Ox^{D)) ^ {A^ ^ C : /(A • z) = A/(z), A e C*,z e A^}, so 
the sections of L can be thought of as linear forms on Ay, . This kind of identification 
can be extended to T{X, dL). In fact, the following holds: 

Proposition 1. (|Ba]; [Coj . Section 5; cf. also [CLS| . Appendix A to the Chapter 
7): Let X and L be as above. Consider the graded ring Rjj = ^^^^T{X,dL). 
Then there exists a ring isomorphism between Rjj and C[Z"+"'^ n C*], preserving 
the grading. 

The grading in this proposition is given by deg toX™(0 ~ d,d > 1. A closely 
related result, proved using the above isomorphism, is the following: if one considers 
Rd as a C-algebra with the operation of multiplication of complex functions, then 
Rn is finitely generated [El] .We can now formulate our first result: 

Theorem 2. Let X be a toric manifold and L be a line bundle over X defined 
by a Cartier divisor D with a strictly convex support function. Let H : L' t-^ 
[0, oo), H ^ be a continuous plurisubharmonic function which is homogeneous 
in each fiber, with H^^{0) ~ Z^i, where Z^i is the zero section of L' . Then 
H{z) = sup{|Q(2)|i/('^e5 Q)}, where Q is a combination of the variables ioX'"(0 ('^ 
homogeneous polynomial in coordinates of A^), deg Q = d, m Cz dPn, such that 
\Q\y{degQ) < H. 

Proof Consider S = {Jzez^Ai^^ t) : t e L'^ : \t\ = 1}. Then M = inf s H is positive. 
By homogeneity in each fiber, H{z, t) < M\t\. Let a g L' be such that H{a) = 1 and 
let g{a) denote the supremum on the right-hand side evaluated at a. It is enough to 
show that g{a) > 1. The set ft = {z : H{z) < 1} is a bounded pseudoconvex neigh- 
borhood of Zl'. After blowing down the zero section, we get a holomorphically 
convex bounded neighborhood of a point in A^, hence a polynomially convex 
set. Hence for any A G (0, 1) we have Kx C f2, where K\ = iJ~^([0, A]). Now recall 
that the polynomial ring C[Z"+i n C*] is the subring of C[to,tf\ ..■,t^^] spanned 
by Laurent monomials tox'"(^) with m e dPo and the sections of dL correspond 
exactly to homogeneous polynomials which arc sums of t^x^it)- Recall also that 
the fiber L^ can be identified with the space of j-lincar functions x ... x i— >■ C. 
In particular, every section in L^ is a homogeneous function of degree j on every 
fiber of L' . 

Fix a A G (0, 1). There exists a G (A, 1) and a homogeneous polynomial Q 
(viewed as a homogeneous function of A^) such that Q{^a) > 1 and HQHaTa ^ 1- By 
homogeneity, X\Q\^/'^'^S <3, so A < \X'^^& <3Q(Aia) l^/^eg Q < g[^a) = ^lg{a). Letting 
A 1 implies that i^l ^ \ and 1 < g{a). □ 



We also have the following: 



4 



MARITZA M. BRANKER AND MALGORZATA STAWISKA 



Theorem 3. Under the assumptions of Theorem\^ H ~ (Vmisvcpj^^ IQiT^"')* foT 
some sequence of Qj of homogeneous polynomials on A^p with deg Qj < j. 

Proof. Let iJ : i' I— > [0, cx)), iJ ^ be a eontinuous plurisubharmonie funetion 
whieh is homogeneous in each fiber, with H~^{0) = Zli, where Z^i is the zero sec- 
tion of L' . The set il — {z : H{z) < 1} is a balanced pseudoconvex neighbourhood 
of Zli. We let $ denote the map which blows down the zero section of L' and f2 
denote the set Q, maps to. 

Since SI is a holomorphically convex, there exists a holomorphic funetion F on 
17 which does not extend beyond 17. Observe that SI is a balanced neighbourhood 
of in so F has a homogeneous expansion. That is, F{z) = YlfLoQii^) for 
z G f2 where Qj denotes a homogeneous polynomial with deg Qj < j. Define 
v{z) = (limsupj^oQ \Qj{z)\^^'')* for ^ By Cauchy's convergence criterion for 

numerical series (limsup^^o^ \Qji^)\^^'')* < 1 for z lE Q. Consequently = {z e 
A^ : v{z) < 1}. By the homogeneity of v and H we have v = H on A^. □ 

It is quite straightforward to show that the existence of a plurisubharmonie func- 
tion H : L' ^ [0, oo) as in Theorem [2] is equivalent to the existence of a positive 
singular hermitian metric on L, i.e., to L being pseudoeffective. Namely ( |BS| . The- 
orem 1 and the references there), given such an H and a system of trivializations 
9i : L' |j/,H> X C, the functions hi{x) = \og{H o6~'^{x,t)/\t\), x & Ui,t^Q give 
a positive singular metric on L, and the same formula defines H as in Theorem 
[2]if the collection {hi\ gives a positive singular metric. As an example of a positive 
singular metric one can take log|s|, where s is a holomorphic section of L. Our 
theorems yield the following corollaries for positive singular metrics: 

Corollary 1. Let a toric manifold X and a line bundle L be as above. Let 
h be a positive singular metric on L. Then (in each triviaizing neighborhood) 
exp/i(z) = sup{|Q(z)|i/('^^5' where Q e Rd are such that \Q\'^/^d.^9 Q) < h. 

Corollary 2. Under the assumptions of Theorem\^ exph = ([imswpj^^ \Qj\^^'')* 
for some sequence of Qj £ Rd such that Qj G T{X, jL). 

3. QUASI-PLURISUBHARMONIC FUNCTIONS 

From [GZ| we have the following relation between positive singular metrics and 
quasi-plurisubharmonic functions: Consider the metric with the weight A (or fix 
any smooth metric on the line bundle L over X) , and set lu = dd'^X. The class 
PSH{X,oj) of functions u S L^{X,RLI {— oo} such that u is upper semieontinuous 
and satisfies dd^u > —uj can be obtained by taking all positive singular metrics ip 
on L and setting u = ip — \. Conversely, if u G PSH{X,uj), then m -I- A defines a 
positive singular metric on L. We call PSH{X,uj) the Lelong class on X. 

Our next task is to provide a characterization of positive singular metrics 
and quasi-plurisubharmonic functions on toric varieties. We will use the proper- 
ties of the integer-valued function ipo and the polyhedron associated with the 
Cartier divisor D on X: Po = {m G (Z") = M :< m,Vi >> — aiVi} = {m E M : 
m > (fo}- 

In what follows we will assume that Ox{D) is very ample or, equivalently, that 
P ~ Pd is a very ample full-dimensional lattice polyhedron (dim P — n). (This 
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term roughly means that P contains enough lattice points; see Definition 7.1.8 in 
jCLS] for its precise definition and Proposition 6.1.4 for equivalence of the line 
bundle and the associated polytopc being very ample. The conditions of being 
ample and being very ample are equivalent for torus invariant line bundles over 
toric manifolds. ) If P H il/ = {mi, uir}, then the toric variety X is the Zariski 
closure of the map $ : T" 9 t (x^K^): X"'' W) € CP''"^ Let Xi,...,Xr 
denote the homogeneous coordinates in CP''"^ and let Ui — {xt ^ 0}. According 
to jCLSj . Theorem 2.3.1, for each vertex rrii in POM, the afhne piece XOUi is the 
affine toric variety = Spec <C[ai D Af], where ct^ is the strongly convex rational 
polyhedral cone dual to the cone Cone {P O M — rrii) and dim (Ji = n. The Cartier 
data TOct are also related to the vertices of P. Namely, by Theorem 6.1.10 d, D is 
basepoint-free if and only if {mo-} is the set of vertices of P. Hence, if D is very 
ample, then for every maximal cone cr G E the semigroup ij f] M is generated by 
{m — mo- : m e H A/}. 

Note that A = log(Em6PDnM lx'"(-2)P)^^^ is the puUback of the Fubini-Study 
metric from CP"^"^ by $. We will use this metric to define the Lelong class 
PSH{X,Lo) on X. 

Proposition 2. Let X he a smooth toric variety as in Theorem \^ Then h is 
(a weight of) a positive singular metric if and only if on each affine chart we 
have e" = (limsupj-_^Qo l-fj'T^"')* /^^ some sequence of complex polynomials in the 
variables x'"~'"",m S M such that deg Pj < j. 

Proof. On the affine open set Ua associated with a maximal cone a one has 

r([/,,Ox) =C[a, nM]. 

In terms of characters on the torus, the last set coincides with complex polynomials 
in the variables x™~'"",m G Af. The result now follows from Theorem |3l □ 

In analogy to the case of CP", a growth condition for plurisubharmonic functions 
on a complex torus was introduced in [Be], section 4. It generalizes the growth con- 
dition for the Lelong class in C" for the purpose of studying quasi-plurisubharmonic 
functions on toric manifolds. Moreover, it is equivalent to the statement that an 
w-quasi-psh function w on a toric manifold X corresponds uniquely to a plurisub- 
harmonic function u on the torus T" satisfying u{zi, z„) < ip^zi, Zn)+0{1) := 
sup^gp^ < m, (log |zi|, log |z„|) > 4-0(1). (Note that ip is the composition of 
the support function of P^ with the map z i-> (log |zi|, log |2n|).) Accordingly, 
M — "0 -|- A is a positive singular metric. We will now use our approximation results 
from the previous section to prove that this condition provides unique characteri- 
zation of w-quasi-psh functions. 

Theorem 4. Let X — X^: be a n-dimensional toric manifold with a complete fan 
S and let D be a very ample divisor on X . Let a plurisubharmonic function u on 
the torus T" be given. Then w = m(zi, z„) — ?/;(log |zi|, log |z„|) extends to an 
Lo-psh function on X if and only if u satisfies u(zi, z„) < ipilog |zi |, log |z„|) -|- 
0(1) := sup„gp^ <m, (log|zi|,...,log|z„|) > +0(1). 

Proof. If M is a psh function satisfying the growth condtion, then v and its extension 
to X satisfy dd'^v > dd'^{—'4)) = — [i?]. Conversely, Corollary [21 u — ip + \ = 
(limsup^-_j.^(l/j)log|(5j|)* for some sequence Qj <E r{X,Ox{jD)), j = 1,2,.... 



6 



MARITZA M. BRANKER AND MALGORZATA STAWISKA 



We have (l/j) log \ Qj\) — X < 0{1) ior all j, and the inequality persists under the 
limit superior and upper semicontinuous regularization, sou — '0<C'(1). □ 

4. Application: approximation theorem for curvature currents 

In this section we will apply Theorem [3] to prove an approximation theorem for 
first Chern classes of ample line bundles over projective toric manifolds. Recall the 
following: 

Definition 1. (cf. |De2| . Section 6) Let i be a holomorphic line bundle over a 
compact complex manifold X. 

(a) We say that L is effective if dL has a section for some d > 0, i.e., 0{dL) = 0{D) 
for some effective divisor D on X; 

(b) The convex cone generated by ci{L) in H'^{X,R) for L effective is denoted 
by N^ff] if L is ample, the corresponding convex cone is denoted by Namp- 

Recall also that the first Chern class of a line bundle L is its Euler class, i.e., 
the Poincare dual to the homology class of the zero locus of a generic smooth section. 

Using the results of the previous section we will now prove that over a projective 
toric manifold X we have Namp C Neff. This result can be derived from ( jDe2j . 
Proposition 6.6) for an arbitrary projective algebraic manifold, not necessarily toric. 
In a series of inclusions and equalities, one has Namp C Nnef C Npsef and then 
Npsef = ^eff, where Nnef and Npsef denote the convex cones generated by first 
Chern classes of respectively numerically effective and peudoeffective line bundles. 
We refer to Demailly's article jDe2| for definition of these notions, since we wil not 
use them. (Note also that on toric varieties built from convex fans all nef line bun- 
dles are ample; this is the toric Nakai criterion, see e.g. |Mu| . Theorem 3.2). We 
will also not use the equality Npsef = Neff or Lelong numbers, which play central 
role in its proof. Instead, we will prove directly the inclusion Namp C N^ff on a 
toric projective manifold, relying only on Theorem [31 

Recall that to compute the squared norm of a holomorphic section s of L on 
an open set U with respect to the metric one takes \s\\[^ = |/pe~^"^, where 
s = /e^ with / g Ox{U), is a local holomorphic frame for L and (p G Lj^^ is 
a local weight for in U. Let L and be fixed. It follows that for a section 
s = {si\ of U ^ j > 1 one has, in a trivialization 9i, \\s\\jh = \si\ exp(— jTi). 

We will need a generalized Poincare-Lelong formula for singular metrics: 



Theorem 5. /" [MM] . Theorem 2.3.3) Let s he a meromorphic section of a holo- 
morphic line bundle L over a compact connected complex manifold X and let be 
a singular hermitian metric on L. Then 

^dd\og\s\l, = [Dzvis)]~c^iL,h^). 

Wc will also need a sequential compactness criterion for currents. (Recall that a 
set T of {p, p)-currents of order on an open domain Q C C" is sequentially compact 
in the weak*-topology if every sequence in T contains a convergent subsequence.) 
The following can be found in [Kj, p. 109: 
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Proposition 3. A sufficient condition for T to he sequentially compact in the 
weak*-topology is that for each relatively compact subdomain G d fl there exists 
a constant C > such that |r(w)| < C||a;||G for every current T G T and every 
differential form uj G C^(G, /y"-P."-P(C", C)). 

Now we will prove the inclusion Namp C Ngf f in the toric case: 



Theorem 6. Let X be a toric manifold with a torus-invariant ample line bundle 
L. Then ci{L,h^) eT^. 

Proof. In a trivializing open neighborhood U,, for L' one has the equation 20 = 
\og{H o 9^^{x,t)) — log \t\,t € C* for the local weight of ft-^, where H satisfies the 
assumption Theorem [2] It follows that 

^ddlog\s\l, = ^dd\f \^^^dd\og{Ho9-\x,t)). 
Repeating the Poincare-Lelong formula for every j > I one gets 



log |s| - h) = [Div(,s)] - ci(i, /i^) 



2tt 

It is enough to find a subsequence of the left hand side which tends to as a 
current, so that by Theorem [S] [Div(s)] — )■ ci{L,h^) over this subsequence. We 
can assume t ~ 1, since the relations between h and H do not depend on t. By 
Theorem [31 H{z) ~ (limsupj^^^ |(5j|^/^)*(z) for some sequence Qj, where each 
is a section of U . The operator dd is weakly continuous, so it is enough 
to prove that (l/j)log|Qj| — > log if over a subsequence, in the sense of cur- 
rents. Let Uj := (1/j) log IQj I be such that logiJ = (limsupj_j.o2 Uj)*. Invoking 
the argument used in the proof of Theorem 2.6.3 in jKlj . we also have log 77 = 
limfc^ooW^, where Wfc = supj>;jUj. Let G be a relatively compact domain and 
let uj[x) = w(x)dzi A dzi A ... A c?z„ A dz„ be an (n, n)-form with w smooth and 
supp w <Z G. For the sequence of (0, 0)-currents associated with the functions we 
have |wfe(w)| < supg \w\ ^ \ogH{z)dzi/\dzi/\.../\dzn/\dzn = Gg\\^\\g- Hence there 
is a weak*-convcrgcnt subsequence of currents, which we also denote by v^. By the 
Lebcsguc dominated convergence theorem, — > logH in the sense of currents, 
which completes the proof. □ 
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